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Singularities, i.e. places of discontinuities of parameters are extremely general objects appearing
in electromagnetic waves and thus are the key to understanding fundamental wave processes. These
structures commonly occur in purely coherent, highly directional waves, such as laser beams, de-
termining additional spatial or ”‘topological”’ properties of the wave fields independently of their
propagational dynamics. For instance, topologies of wave fronts, called phase singularities, add
orbital degrees of freedom to electromagnetic waves. These singularities are common to all types
of scalar waves described only by their intensity and phase distributions. As the electromagnetic
wave is a vector wave, its topological properties generally depend on all field components leading
to complex field patterns in space and time. These patterns may contain singular points of unde-
fined instantaneous orientation of the vector field, i.e. the instantaneous field (IF) singularities. In
zero-order paraxial approximation of purely transverse electromagnetic waves, some instantaneous
field distributions may carry apparent topological monopoles, when the originally source-free wave
exhibits spatial structure associated with the 2D ”virtual” sources of electromagnetic fields.
Here we present systematic description of topological singularities in both electric and magnetic
field of the electromagnetic waves in a paraxial approximation. We also consider the important types
of paraxial electromagnetic waves with complex transverse field structures containing instantaneous
field singularities.
INTRODUCTION
The traditional approach to describe propagating elec-
tromagnetic radiation in free space is based on the dif-
ferential form of Maxwell’s electromagnetic theory and
the corresponding wave equation [1]. This approach
gives a detailed account of electromagnetic waves as syn-
chronized transverse oscillations of electric and magnetic
fields satisfying the superposition principle at a point. As
result, all fundamental wave parameters, such as ampli-
tude, wave frequency, direction in space (wave vector),
orientation of fields (polarization) and phase refer to be-
havior of the wave at a particular point in space and time.
This representation of electromagnetic wave via only lo-
cal ”at point” parameters is perfect from the fundamental
point of view on condition that the wave field is free of
physical discontinuities. There is no doubt that the local
wave parameters can be different at different points of
the wave [2-10] even in purely coherent and highly direc-
tional electromagnetic radiations, such as paraxial laser
beams [11-13]. It is also true that as the state of the wave
field changes, the parameters may not always be defined
throughout space. Typically, there are some particular
points in the wave field where the local parameters, such
as the phase, state and handedness of the polarization
or orientation of electric (magnetic) vectors are not de-
fined [4]. These points are known as singularities in the
wave field [14]. As all certain values of a singular parame-
ter in the wave occur in the neighbourhood of a singular
point (but not in the point itself), singularities define
spatial properties of the surrounding wave field [9]. This
requires one to deal with additional “integral” charac-
teristics describing spatial“topological” properties of the
wave field [4, 5]. They are related to the fundamental
geometrical aspects of electromagnetic waves and are as-
sociated with the inhomogeneous distributions of local
parameters, such as the phase and electric (magnetic)
vector orientation, which constitute the wave singulari-
ties. These singularities are typically classified as phase
and polarization singularities, depending on which pa-
rameter is undefined (or singular) at some points in the
wave. Phase singularities, commonly known in light fields
as “optical vortices” [15], are features of scalar compo-
nents of vectorial electromagnetic waves, leading to a cir-
culation of the electromagnetic energy around the point
in two dimensions [16-19]. They also occur naturally for
all types of scalar waves, both classical and quantum [20,
21], and have been studied in detail in a number of works
in the different branches of wave physics [see, for instance
vortices in electron beams [22-24].
Other types of singularities may occur in electromag-
netic waves when the vectorial properties of the waves
cannot be ignored. Well known are the polarization sin-
gularities that naturally appear in completely polarized
electromagnetic waves where the state of polarization
varies with position, first described in detail by J. Nye
[25, 26]. They refer to the points were the direction of
the polarization or the handedness of the polarization
ellipse is not defined [9, 25]. As the state of polariza-
tion is actually determined by electromagnetic vectors
averaged over the period of wave oscillations, the polar-
ization pattern alone cannot properly expose the deep
nature of singularities in these fields. The polarization
provides only rough and, sometimes, distorted picture of
instantaneous orientation of electric vectors in the vicin-
ity of a singular point in the vector wave. The simplest
2example is a vector field of a uniformly circularly (gener-
ally elliptically) polarized optical vortex which cannot be
properly explained in terms of either pure phase or po-
larization singularities, as we will show in Section 2. On
the other hand, the instantaneous orientations of electro-
magnetic vectors in the wave filed provide a natural and
efficient way to describe the most fundamental features
of physical discontinuities in paraxial vector waves. Cor-
responding instantaneous vector field (IF) singularities
are not stable, but exhibit periodic evolution in prop-
agation in space as the field vectors oscillate in time.
These special IF singularities are source of unique 2D
field structures which we call wave monopoles and wave
currents in transverse components of the wave. We will
consider them in detail in Section 3. Then, in Section
4, we will discuss wave fields with mixed topology and
polarization singularities. To clarify the concept of IF
singularities, we will start from the general principles of
electromagnetic wave topology and its trivial cases of ho-
mogeneously (generally elliptically) polarized fields and
then we will move on to more complex scenarios involving
scalar and vector singularities in the waves. Moreover,
we consider here only electromagnetic waves which carry
finite energy flux and are self-similar in space. The for-
mer leads to spatially localized waves in the form of light
beams. The latter means that the intensity of the beam
is similar in each plane S⊥ orthogonal to the propagation
direction.
PARAXIAL MODEL OF ELECTROMAGNETIC
BEAMS
In general, the electromagnetic fields E, B in a free
propagating wave are complicated functions of both
space and time. The situation becomes simpler for
monochromatic harmonic waves with constant frequency
ω, were one can naturally separate spatial and time de-
pendences. In many practical cases, this allows one to
describe a harmonic wave as a product of complex-valued
spatial mode and a complex exponential of time, re-
membering to take the real part to obtain the physical
fields: {E,B}=Re{F(x, y, z)e−iωt}. Description of spa-
tial modes is based on the spatially invariant Helmholtz
wave equation (which in turn is derived from differential
form of Maxwell equations)(∇2 + k2)F = 0, (1)
where ∇ = ex∂x+ ey∂y+ ez∂z, ∂u ≡ ∂/∂u, u=x,y,z, and
ex, ey, ez, are the unit vectors in Cartesian coordinates,
k = ω/c is a wave number, c is speed of light, and F rep-
resents electric or magnetic field, respectively. When the
electromagnetic radiation is a highly directional along a
certain spatial axis (for example, z ), a spatial mode can
be expressed as F(x, y, z) = F˜(x, y, z)eikz with a complex
amplitude F˜(x, y, z) satisfying to the spatially asymmet-
ric equation (∇2 + 2ik∂z) F˜ = 0. (2)
As was shown by M. Lax et al. [27], in the zero-
order paraxial approximation, the electromagnetic field
are purely transverse F˜ = F⊥ and the second z -derivative
could be ignored in the Eq.(2) with respect to a slowly-
varying first z -derivative of the amplitude function F⊥.
Finally, the equation for the complex amplitude takes
form of a parabolic equation:(∇2⊥ + 2ik∂z)F⊥ = 0, (3)
where ∇⊥ = ex∂x + ey∂y.
Note that the transversality of the field breaks down in
the next order correction [27]. By analysing the higher-
order terms in the series expansion of Maxwell’s equa-
tions, Lax found that the first-order terms of expansion
has a small longitudinal field component and its value
is obtained from the transverse components through the
relation kFz = i∇⊥F⊥. The role of longitudinal com-
ponents in the next order of the paraxial approximation
will be discussed in sections 4 and 5. Here, our main
interest is the zero-order paraxial approximation as the
basis to clarify the topology and field singularities phe-
nomena in the coherent electromagnetic waves. A scalar
form of the Eq. (3) is represented by a parabolic equa-
tion of the Schro¨dinger type that describes the complex
amplitude of a Cartesian component F⊥ = Fx,y of the
electromagnetic wave
∇2⊥F⊥ = −2ik∂zF⊥. (4)
This equation admits solutions in a form of self-similar
beams preserving their structure in propagation [28].
Many of such solutions with both, infinite and finite
energies, have been obtained in the last decades [13,
29-36]. Main attention has been paid to the spatially-
localized solutions with finite energy flux [29-35] as the
only ones having physical sense. They include, among
others, the well-known Hermite-Gaussian and Laguerre-
Gaussian beams; elegant and generalized Laguerre-
Gaussian beams; Bessel-Gauss beams; hypergeometric-
Gauss beams; fractional-order elegant Laguerre-Gaussian
beams; Bessel-Gauss beams with quadratic radial depen-
dence; Mathieu and Ince-Gaussian beams, and optical
vortex beams (see [36] and references therein).
As indicated by their names, all spatially localized
characteristics of such beams are predominantly associ-
ated with the Gaussian envelope
G(x, y, z) =
1
ξ(z)
exp
(
− ρ
2
w20ξ(z)
)
, (5)
where ρ =
√
x2 + y2 is the radial coordinate of an arbi-
trary point, ξ(z) = 1 + iz/z0, z0 = kw
2
0
/
2 and w0 is a
beam waist in the plane z = 0.
3The scalar function G is extremely important in un-
derstanding paraxial electromagnetic wave behavior be-
cause it serves as a background envelope for more gen-
eral wave solutions, ensuring finiteness of their energy
as
∫∞
0
(2/piw20)GG
∗dS⊥ = 1 (the star denotes complex
conjugation).
The general, rigorous solutions to the parabolic equa-
tion (2) can be represented as a product [38]
F⊥ = U(x, y, z)G(x, y, z), (6)
where U(x,y,z ) is a complex vector modulating function
and G(x,y,z ) is of the form of Eq.(5). While the Gaussian
amplitude describes evolution of the localized envelope of
scalar waves or beams in space, the modulation function
U determines their all topological and vector properties.
Despite the infinite number of possible modulation func-
tions U, their general structure can be defined by just
a few basic topological properties. Therefore, in the fol-
lowing we will concentrate on the functions U having
the most typical topological properties. However, before
going any further, let us clarify the relevant terminology.
As the functions U are vector fields defining the ori-
entation of electric (magnetic) fields in space, they are
directly related to the state of polarization of the beams.
Typically, only beams with spatially variant polariza-
tion in their transverse cross-sections are deemed vector
beams. In contrast, beams with a constant polarization
are generally considered as scalar.
At this point, it is worth clarifying the relationship
between the state of polarization and field orientation as
these two terms that are often, yet incorrectly, used inter-
changeably. The state of polarization is a time-averaged
parameter of a beam and, so far, can be purely homo-
geneous while the instantaneous orientation of electric
(magnetic) vectors provides a complex pattern in the
transverse cross-section of the beam. In such cases, the
electromagnetic fields of the beam are solutions to the
full vector wave equation, and cannot be defined by one
scalar function. According to superposition principle, it
is always possible to present the transverse vector func-
tion U (corresponding to E or B fields) in terms of their
Cartesian components:
U = AxUx(x, y, z)ex +AyUy(x, y, z)ey, (7)
where Ax and Ay are arbitrary, generally complex con-
stants.
We consider the beam to be a “scalar” when its elec-
tromagnetic field can be described by the real part of a
single scalar modulating function:
Re {AxUx}
Re {Ax} =
Re {AyUy}
Re {Ay} = Re {U} , (8)
In case of a “vector beam” the transverse Cartesian com-
ponents of the modulating function (7) Ux=AxUx(x,y,z )
ex, and Uy=AyUy(x,y,z )ey depend in different way on
coordinates:
Re {AxUx}
Re {Ax} 6=
Re {AyUy}
Re {Ay} , (9)
The simplest example of the scalar beam is an ellipti-
cally polarized Gaussian beam. This trivial case occurs if
the modulating function is constant: U = Axex +Ayey,
where Ax = ax and Ay = aye
iφ ; ax and ay are real
numbers and φ is the phase difference between Carte-
sian components of U. Then one immediately obtains
the simplest solution of Eq.(2) in form of complex ampli-
tude F⊥ = (axex+aye
iφey)G of the elliptically polarized
beam F⊥e
i(kz−ωt), which certainly is a scalar wave. This
paraxial, fundamental Gaussian beam [11-13], is only one
of the infinite numbers of possible variations of electro-
magnetic beams described by Eq. (6). However, homoge-
neous distributions of instantaneous electric (magnetic)
field vectors with the same orientation at each point
of the transverse plane of beams is a sufficiently rare.
Generally, beams have complex distributions of phase,
polarization or the instant directions of the electromag-
netic fields changing from point to point in the transverse
plane.
In the next Section, we will provide examples of scalar
and vector beams with nontrivial topology of modulating
functions.
SCALAR AND VECTOR BEAMS WITH
TOPOLOGICAL CHARGES
In general, the function U(ρ, ϕ, z) depends on all three
coordinates. By changing variables as Rt =
√
X2 + Y 2 =
ρ/(w0ξ), where X = x/(w0ξ);Y = y/(w0ξ), following
standard procedure shown in works [34, 38], we insert
expression (6) into wave equation (2) and obtain differ-
ential equation for the modulating function U(Rt, ϕ, ξ)
in the form
∇2tU− 4ξ2∂ξU = 0 (10)
where ∇t = ex∂X + ey∂Y.
This equation admits the separation of variables
U(Rt, ϕ, ξ) = u(Rt, ϕ)Z(ξ), (11)
where the function Z(ξ) = exp(K2(1 − ξ)/4ξ), and K is
a constant. Then the function u(Rt, ϕ) satisfies the two
dimensional vector Helmholtz equation(∇2t +K2)u = 0. (12)
In order to analyze possible solutions of Eq. (12) let
us start with an important particular case when the con-
stant K is equal to zero and, hence Z =1. Then the
4modulation function U is independent of the longitu-
dinal coordinate ξ and U=u. In this case, the vector
Helmholtz equation (12) reduces to the vectorial Laplace
equation for the function U(Rt, ϕ)
∇2tU(Rt, ϕ) = 0. (13)
Components Ux and Uy of the modulating function U
are, in general, independent scalar functions, interpreted
as complex amplitudes of electromagnetic waves along
Cartesian coordinates x and y, respectively. When the
polarization state of the light field is homogenous (gener-
ally elliptical), the modulating function U can be repre-
sented by a single scalar functions Ux(x,y,z )=Uy(x,y,z )=
U (x,y,z ) as
U =
(
axex + aye
iφey
)
U, (14)
where U satisfies to the two-dimensional Laplace equa-
tion
∇2tU = 0 (15)
FIG. 1. The instantaneous, near-axis distribution of the elec-
tromagnetic fields and wave front of the scalar, linearly polar-
ized vortex with topological charge l = +1 (a) and l = −1 (b).
Each point of the wave’s surface (see green circle) follows a
spiral trajectory around the axis of the beam as the latter
propagates.
From the spectrum of possible solutions of Eq. (15), well
known as harmonic functions [39], we will consider the
simplest but critically important solutions which play a
key role in classification of light singularities in scalar
light beams
U(Rt, ϕ) = R
n
t exp(isnϕ), (16)
where n = 0;±1;±2. . . , and s=±1.
The function (16) has singularity on the line Rt=0 when
n 6= 0, and its modulus on this line is either 0 for n > 0
or ∞ for n < 0. Finite energy solution (6) with modu-
lation function (16) can be realized for n ≥ 0, except for
some specific superpositions in which the self-similarity
of the resulting light beam is lost [40]. Then the product
sn in an exponent of Eq.(16) can be represented by a
new integer l = 0;±1;±2. . . , and order n in Rt becomes
n = |l |, when n ≥0. The physical solutions now read
U(Rt, ϕ) = R
|l|
t exp(ilϕ). (17)
While the harmonic function (17) is the simplest solution
of Eq. (15) it gives full information about the topological
structure in the field’s components. The azimuthal index
l defines the topological structure of the wave surface. In
optics this index is named a topological charge of an op-
tical vortex. The term “optical vortex” refers to the gen-
eral solution (6) with scalar modulation functions con-
taining addend lϕ in its phase, θ(ρ, ϕ, z). Then the wave
front of the optical vortex has a form of a helicoid-like
surface twisted around the singular line Rt = 0. More-
over, the phase circulating around the singularity line in
the function (17) results in phase discontinuity that is
multiple of the topological charge∮
dθ =
∮
∇θdl = 2pil, (18)
where d l is the infinitesimal vector element of the loop.
Consequently, the directional electromagnetic wave with
the modulating function (17) carries discrete angular mo-
mentum [5] along the propagation axis z
Mz = 〈U∗ |Lz|U〉 / 〈U∗|U〉 = l~, (19)
where Lz = −i~∂/∂ϕ is the generator of rotations around
z.
The above discussed features apply to any scalar modu-
lating functions with the singular phase factor lϕ.
In general, the scalar Cartesian components of the
function u(Rt, ϕ) in Eq. (11) satisfy the two-dimensional
Helmholtz equation (12) which takes a scalar form(∇2t +K2)u = 0. (20)
Among an infinite number of possible solutions of Eq.
(20) there are axially symmetric solutions with the phase
topology similar to (17)
u(Rt, ϕ) = J|l|(KRt) exp(ilϕ) (21)
where Jl (x ) is thel -order Bessel function of the first
kind. The corresponding scalar components of modu-
lating function (11) are
U(Rt, ϕ, ξ) = J|l|(KRt)Z(ξ) exp(ilϕ). (22)
These functions constitute basis of scalar Bessel-Gauss
beams with a phase singularity of a type of optical vortex
located along the optical axis (when l 6= 0).
5According to Eqs. (6) and (14), the electric fields of ar-
bitrarily homogeneously polarized Gaussian and Bessel-
Gauss types of vortex beams with modulating functions
Eqs. (17) and (22) are [41]
E⊥ = Re
{(
E0xex + E0ye
iφey
)
× R |l|t eilϕG(ρ, z)ei(kz−ωt)
}
,
(23)
EJ⊥ = Re
{(
E0xex + E0ye
iφey
)
× J|l|(KRt)Z(ξ)eilϕG(ρ, z)ei(kz−ωt)
}
,
(24)
where E0x and E0y are real constant amplitudes of the x-
and y-components of the electric field, respectively. By
introducing a new constant β = k sinα in Eq. (22) as the
angular parameter of the wave vector k, one can define
K = βw0, and Z(ξ) = exp{−iβ2z/(2kξ)}. When l=0 the
Eq. (24) represents the well-known zero order Bessel-
Gauss beam [37, 42]. The magnetic field component cor-
responding to field (24) can be uniquely determined by
cB⊥ = ez ×E⊥.
Following our earlier discussion (see Eqs. 8 and 9),
in general, the two-component fields (23) and (24) are
vector fields because of different phase factors, cos(lϕ)
and sin(lϕ), in their Cartesian components Re{Ux}6=
Re{Uy}. Exception are the beams with zero topological
charge l=0 and the beams with purely homogeneous lin-
ear states of polarization (when φ = mpi, m = 0; 1; 2...).
They include elliptically polarized fundamental Gaussian
and Bessel-Gauss beams (described in the end of the pre-
vious section) which are both typical scalar beams. The
latter are scalar optical vortex beams as their electric field
oscillates in a single direction and they can be described
by real part of a single scalar function.
Figures 1 (a) and (b) show examples of the electromag-
netic field distribution with function (23) corresponding
to the linearly (y-polarized) Gaussian beams with topo-
logical charges l = 1 and l =−1, respectively. The wave
fronts of these scalar beams continuously twist such that
the field pattern rotates around the beam axis. The pat-
tern contains the zero-field twisted surface which sepa-
rates the out-of-phase fields. In general, the number of
such surfaces corresponds to the topological charge car-
ried by the beam.
As we mentioned above, the fields (23) and (24) rep-
resent, in general, elliptically polarized vector beams.
Their modulating vector functions (14) admits separa-
tion of variables
U(Rt, ϕ, ξ) = f(Rt, ξ)g(ϕ), (25)
with function g(ϕ)
g(ϕ) =
(
axex + aye
iφey
)
ei(lϕ+ϕ0), (26)
and f = R|l| for the Laplace’s type, and f = J|l|(KRt)Z(ξ)
for the Helmholtz type of solutions (23), respectively. Let
us look in detail at the particular but interesting case of
circularly polarized vortex beams which can be obtained
directly from the vector function (26) for ax = ay =
√
2
and φ = ±pi/2. Then the function (26) becomes
g(ϕ) = ei(lϕ+ϕ0)σ, (27)
where σ = (ex + iσey)/
√
2 is a unit vector and σ = ±1
with positive (negative) sign corresponding to right (left)
hand polarization, and ϕ0 is an arbitral initial phase.
In the more explicit form, the equation (27) may be rep-
resented in the polar basis of radial and azimuthal unit
vectors eρ and eϕ as:
g(ϕ) = (eρ + iσ eϕ) exp{i [(l + σ)ϕ + ϕ0]}. (28)
Distributions of electric and magnetic fields in vector vor-
tex beams corresponding to the modulating function (28)
with σl = 1 and σl = −1 are shown in Figure 2. One can
see that to in contrast to scalar case, these vector fields
are spatially inhomogeneous and evolve over the period
of the fields oscillations. As this spatial evolution de-
pends on both topological charge l and handedness σ, the
vector vortex beams carry topology- and polarization-
dependent discrete angular momentum along their prop-
agation [43]
Mz = (l + σ)~. (29)
It follows from Eq. (29) that the field rotation around
the phase singularity can be decreased or increased by
varying circulation of the field vectors at a point.
To conclude this paragraph, let us reiterate the most
relevant points. As it clearly seen in Figures 1 and 2
the instantaneous distribution of electromagnetic fields is
dramatically different in scalar and vector vortex beams.
The field pattern of scalar beams consists of lines of dis-
continuities in transverse plane at each instant of time.
These lines rotate with wave’s frequency leading to the
time average null intensity along the axis (line of sin-
gularity). In contrast, the field pattern of vector beam
always possesses a point singularity (null of the field) in
its cross-section. This type of discontinuity, which we call
a vector singularity, will be discussed in detail in the next
Section. As for now, let us note that modulating func-
tions of both vector and scalar vortex beams may not
be rigidly coupled in space with the envelope Gaussian
wave (5) which serves as a background for topological
charges. For clarity we have chosen the specific case of
topological charges and the singularity lines located along
at the maximum of the Gaussian function (5) (along the
beam axis). Generally, the wave field can have many
separated topological charges with sufficiently arbitrary
trajectories. The singularity lines may extend over three
dimensions, and be embedded in the volume filled by
the background Gaussian function either forming closed
loops or infinite, unbounded lines [44-47].
6FIG. 2. The instantaneous near-axis distribution of the elec-
tromagnetic field in the vector circularly polarized optical vor-
tex with topological charge and handedness a) l =+1, σ =+1;
and b) l =+1, σ =-1. The evolution of a fixed arbitrary point
on the wave surface is shown with green circle.
The singularities essentially change spatial topology of a
wave field and, as consequence, the overall intensity pat-
tern. They are the cause of local energy redistributions
in the wave beam [19]. However, as the singularities ex-
ist only in the host Gaussian envelope (5), they do not
influence the general hyperbolic character of the beam
self-diffraction. The topological modulating function it-
self has a physical sense only in combination with the
background function which is responsible for the finite
energy flux through the cross section of the beam. In
other words, the function (5) generates ”space” for exis-
tence of topological objects in a wave field and it ensures
that the spatially unlimited paraxial beam carries a finite
power.
VECTOR TOPOLOGIES IN PARAXIAL
ELECTROMAGNETIC WAVES
When a vortex beam is elliptically polarized, the com-
petition occurs between the phase topology in scalar com-
ponents of its electromagnetic field and the effect of field
orientations due to the wave polarization, as the latter al-
ready cannot be ignored [48]. This leads to rich topolog-
ical patterns of the instantaneous electromagnetic field.
The field rotates at every fixed point in space (except
the point of singularity) with the wave frequency, while
the twisted wave front of the beam rotates with this
frequency around a point of the phase singularity (see
Fig.2). The result of the both local (at point) and total
(in space) rotations is an inhomogeneous distribution of
the electromagnetic field in any transverse plane of the
vortex beam. Despite the homogeneous state of polariza-
tion, the instantaneous field pattern of the beam contains
vector singularities as points of an undefined orientation
of the fields. In this section, we will discuss these vec-
torial topological objects which we named instantaneous
field (IF) singularities.
Unlike the elliptically polarized vortex beam, the time-
averaged pattern of an inhomogeneously distributed field
may lead to a nontrivial polarization distribution which
may vary in space exhibiting the so-called polarization
singularities. These singularities have been considered
extensively in the literature [9,25, 26, 49-63]. Here, we
will focus on a specific situation when a beam is lin-
early polarized at any point, but the polarization direc-
tion varies azimuthally. In such beams the local rotation
of the electric (magnetic) field at a point cancel out the
rotation of total field caused by the phase singularity.
This mutual cancellation can be achieved through a su-
perposition of waves with opposite topological charges
and orthogonal states of polarizations. The idea to use
superposition of four uniformly linearly polarized vortex
beams to create nonuniformly polarized waves was first
proposed by F. Gori [41]. It was further developed, with
little variations, to construct more general complex polar-
ization structures [62, 64-70]. Following this technique,
we consider the circularly polarized field with modulating
functions Eqs. (27), (28). Let us introduce the superpo-
sition of these fields having opposite signs of topological
charge l and handedness σ, as
g(ϕ) = σ±ei(lϕ+ϕ0) + σ∓e−i(lϕ+ϕ0). (30)
The corresponding electric and magnetic fields of Gaus-
sian beams are
7E⊥ = E0Re
{
R
|l|
t G(ρ, z)e
i(kz−ωt)
}
× (cos [(l + σ)ϕ+ ϕ0] eρ
−σ sin [(l + σ)ϕ + ϕ0] eϕ)
B⊥ = B0Re
{
R
|l|
t G(ρ, z)e
i(kz−ωt)
}
× (σ sin [(l + σ)ϕ+ ϕ0] eρ
+ cos [(l + σ)ϕ + ϕ0] eϕ),
(31)
where B0 =E0/c.
The field of vector Bessel-Gauss beams can be found in
the similar way
EJ⊥ = E0Re
{
J|l|(KRt)Z(ξ)G(ρ, z)e
i(kz−ωt)
}
× (cos [(l + σ)ϕ + ϕ0] eρ
− σ sin [(l + σ)ϕ+ ϕ0] eϕ)
BJ⊥ = B0Re
{
J|l|(KRt)Z(ξ)G(ρ, z)e
i(kz−ωt)
}
× (σ sin [(l + σ)ϕ + ϕ0] eρ
+ cos [(l + σ)ϕ+ ϕ0] eϕ).
(32)
FIG. 3. Examples of electric field distribution (second and
third columns) and intensity (fourth column) of vector beams
described by Eq. (31). Only the intensity of x-polarized com-
ponent of the beams is shown.
Both Eq.(31) and Eq.(32) types of beams possess similar
topological properties. Hence, without loss of general-
ity, we will concentrate below on the Gaussian beams ex-
pressed by Eq.(31). Figure 3 depicts few examples of elec-
tric field distribution in such beams. These patterns cor-
respond to pure linear states of polarization at any point
of a transverse plane, but the direction of the polariza-
tion depends on the azimuthal position. The angular and
spin momenta of the beams are zero and, consequently,
the numbers l and σ in Eqs.(31, 32) can no longer be
interpreted as topological charge and spin, respectively.
Nevertheless, these numbers have a new meaning as in-
dices within the symmetry group in the beams. The
group with the same index l splits into two subgroups
according to σ. These subgroups lσ have own symmetry
with unique distribution of the electric (magnetic) field
and cannot be transformed from one to another without
symmetry breaking. Each subgroup lσ>0 or lσ<0 with a
fixed l permits local rotations of fields by the same angle
at every point of the wave front by changing initial phase
ϕ0. The local rotations by the angle ϕ0 are equal to a
total rotation of the electric (magnetic) field pattern by
the angle ϕ0/2 around the beam center preserving field
symmetry in every subgroup except lσ=-1 (see Fig. 3).
Despite the absence of topological charges in the vec-
tor beams Eqs.(31),(32), the field configuration still car-
ries IF singularities originating from the undefined direc-
tion of the instantaneous field vectors. They may have a
source, spiral, sink, saddle or circulation morphology as
shown in Figure 3. In particular case described in this
Section, the IF singularities are isolated points at the
axis ρ=0 in a beam transverse plane. Their position and
time-average morphology coincide with vector point sin-
gularities (V -points) proposed by I. Freund as points at
which the orientation the electric (magnetic) vectors of a
linearly polarized field becomes undefined [52]. However,
there are significant differences between them. The V -
points are singularities in the state of polarization rather
than fields and, thus, as it was embraced by I. Freund,
they always belong to linearly polarized waves. In con-
trast, the IF singularities may exist in any state of po-
larization. The example is the singularities in circularly
polarized optical vortices shown in Section 2 (see Fig. 2
and the text below). Their electric (magnetic) fields con-
tain IF singularities at every moment of time (see Fig. 3).
Another difference is generally nonstationary behaviour
of the IF singularities, as we will show in the next Section.
Thus, the vector field singularities are pure property of
instantaneous field configuration. From the Eq. (32),
one can see that in the vicinity of IF singularities
∮
Eρndl = c
∮
Bϕdl
c
∮
Bρndl = −
∮
Eϕdl,
(33)
where n is the unit vector normal to the infinitesimal
element of the loop dl. The line integral of fields is cal-
culated over the closed equiphase loop coinciding with a
circle of equal intensity in the beam transverse section.
8These integrals are equal to zero for any subgroups ex-
cept for lσ=−1 because gρ and gϕ components of vector
function
g(ϕ) = cos [(l + σ)ϕ+ ϕ0] eρ − σ sin [(l + σ)ϕ+ ϕ0] eϕ
(34)
change sign 2(l+σ) times along the closed loop. Nom-
inally, such field configuration is similar to two-
dimensional vector fields of N=2|l+σ| charge“sources”
(or currents) symmetrically localized in the vicinity of
the axis ρ = 0 for the lσ<0 and at infinity ρ → ∞ for
lσ>0. The parity of these sources leads to cancellation
of the loop integrals Eq.(33) in the vicinity of the IF sin-
gularity.
The exceptional subgroup lσ=-1 is unique as the vec-
tor field g retains fixed orientation along the loop. This
corresponds to a spirally oriented vector field g with two
extreme cases ϕ = 0 and ϕ = pi/2 of pure radial and
azimuthal orientations when the function (34) is inde-
pendent of the coordinate ϕ
g = eρ, when ϕ0 = 0, (35)
and
g = eϕ, when ϕ0 = pi/2. (36)
Electric fields associated with these modulating func-
tions correspond to axially symmetric, radially and az-
imuthally polarized beams, respectively, known in optics
as TM and TE beams (see [27] and references therein).
The electromagnetic field of the TM and TE beams are
ETM⊥ = E0Re
{
f(Rt, ξ)Ge
i(kz−ωt)
}
eρ
BTM⊥ = B0Re
{
f(Rt, ξ)Ge
i(kz−ωt)
}
eϕ,
(37)
and
ETE⊥ = E0Re
{
f(Rt, ξ)Ge
i(kz−ωt)
}
eϕ
BTE⊥ = −B0Re
{
f(Rt, ξ)Ge
i(kz−ωt)
}
eρ.
(38)
As it is clearly seen, the field pattern has uncompen-
sated instantaneous radial component of electric (for the
TM) and magnetic (for the TE) field on any closed cir-
cular loop in the beam transverse section. Such pat-
tern corresponds to intriguing field configurations (see
Fig. 4) as the integrals in Eq. 33 are not equal to zero
on the loop. Formally, according to the integral form
of Maxwell’s equations, this means existence of uncom-
pensated charges (monopoles) and their currents in the
vicinity of the IF singularity. To demonstrate this, let us
consider the fields (37) and (38) at the plane z = 0 near
the point Rt = 0. Taking into account that f = Rt and
using the first-order Taylor series approximation of the
field functions near the axis ρ = 0, the both (37) and
(38) fields approximately are:
(a)
Eρ Bϕ
t
T
ρ
t
Bρ
Bϕ
Bϕ
Eρ
Ez
Eρ
t
(b)
Bρ Eϕ
Ez
Ez
Bz
Eϕ
Eϕ
Bρ
t
Bz
Bz
FIG. 4. Field distributions over the wave period of the radi-
ally (a) and azimuthally (b) polarized vector beams. Instanta-
neous field singularities manifest themselves as virtual sources
and sinks of a vector fields in points of zero field amplitude.
Each source/sink of the transverse field is, at the same time,
a sink/source of the longitudinal component of the field.
ETM⊥ ≈ E0Rt cosωt eρ
BTM⊥ ≈ B0Rt cosωt eϕ,
(39)
and
ETE⊥ ≈ E0Rt cosωt eϕ
BTE⊥ ≈ −B0Rt cosωt eρ.
(40)
Consider a closed circular loop of equal field amplitudes
in the z= 0 plane with the centre at a point ρ = 0 and a
radius R as shown in Fig.5. Let l = eϕ be a unit vector
alone the loop and n = eρ be a unit vector normal to the
infinitesimal element dl of the loop. Then the electric
9and magnetic field fluxes in radial direction through the
loop, for R→0, are
lim∆S→0
∮
E
TM
⊥
ndl
∆S ≈ (2E0/w0) cosωt
lim∆S→0
∮
B
TE
⊥
ndl
∆S ≈ − (2B0/w0) cosωt,
(41)
where we used the fact that the loop length
∮
dl = 2piR
and area, ∆S = piR2. On the other hand, as the electric
(magnetic) field flows through the closed loop, the dual
to it magnetic (electric) field circulates around the loop:
lim∆S→0
∮
B
TM
⊥
dl
∆S ≈ (2B0/w0) cosωt
lim∆S→0
∮
E
TE
⊥
dl
∆S ≈ (2E0/w0) cosωt.
(42)
The expressions (41) can be converted into the field fluxes
through the closed infinitesimal cylindrical surface Ω with
the length c∆t along the z direction and the volume
∆V = c∆t∆S in the time interval t+∆t, as:
∮
ETM⊥ ndΩ = c
∫ t+∆t
t
∮
ETM⊥ ndldt
≈ 2picR2(E0/w0)
∫ t+∆t
t
cosωtdt
= 2picR2(E0/ωw0)[sin(ω(t+∆t))− sin(ωt)]
∮
BTE⊥ ndΩ = c
∫ t+∆t
t
∮
BTE⊥ ndldt
≈ −2picR2(B0/w0)
∫ t+∆t
t
cosωtdt
= 2picR2(B0/ωw0)[sin(ωt)− sin(ω(t+∆t))]
(43)
We may assume that ∆t is very small such that the
time variation of fields is nearly uniform over the cylindri-
cal area. Then the electric and magnetic fluxes through
the closed cylindrical surface divided by the volume ∆V
are given by
lim∆V→0
∮
E
TM
⊥
n dΩ
∆V ≈ (2E0ω∆t/w0) cosωt
lim∆V→0
∮
B
TE
⊥
n dΩ
∆V ≈ −(2B0ω∆t/w0) cosωt
(44)
Formally, according to Eqs.(42) and (44), the IF singular-
ities Eq.(35) and Eq.(36), are source of non-compensated
fluxes and circulations of the transverse fields through the
side area of the cylindrical surface. This is why we named
corresponding IF singularities as topological monopoles
and currents. The field oscillations periodically change
signs of the fluxes Eq.(44) and circulations Eq.(42) in
any fixed plane section z = const leading to zero average
values over the wave period T, as it shown in the Fig.4.
These fluxes and circulations remain finite with the same
signs between two zero points on a half period T/2 of os-
cillations (or on a half wavelength distance along z-axis).
Note, that this flux anomaly appearing in the trans-
verse components of the wave field is removed by in-
cluding the longitudinal field components as their fluxes
through the closed surface (here through bases of the
cylindrical surface) exactly compensate the fluxes of the
transverse fields. Although in the zero-order paraxial
approximation the longitudinal z -components of elec-
tric and magnetic fields are ignored, they appear in
the next, first-order paraxial approximation as ω Fz =
i c∇⊥F⊥[27]. As an example, let us consider the longi-
tudinal field flux through the plane z=0 in the radially
polarized beam of Eq. 39. In such a beam the electric
field with the complex function Fz = 2icE0/ωw0 repre-
sents the amplitude of longitudinal field, and is defined
by Eqs.(37) and (39) as:
Ez = 2E0 sin(ωt)/kw0 (45)
The longitudinal field Eq. (45) is out of phase with
respect to the transverse components Eq. (39) and its
orientation is shown in the Fig. 4. The resulting electric
field flux of the longitudinal field through the cylindrical
bases ∆S is
∮
ETMz ndΩ =
= −2picR2(E0/ωw0)[sin(ω(t+∆t))− sin(ωt)],
(46)
and exactly cancels the flux of the transverse components
of the electromagnetic field depicted by Eq. (43) .
Figure 5 schematically shows fluxes and circulations of
electric E and magneticB fields on the cylindrical surface
around the beams axes with the length of side equal to
a fraction of wavelength ∆λ.
ez
eϕ
Bϕ
Ez
Ω eρ
(a)
n
Eρ
n
∆S
R
Bρ
E
Ω
dl
(b)
Bz
∆λ∆λ
FIG. 5. Fluxes and circulations of the electric E⊥ and mag-
netic B⊥ field at the fraction of wavelength ∆λ in radially
(a) and azimuthally (b) polarized vector beams. In the ra-
dially (azimuthally) polarized beam, the transverse field Eρ
(Bρ) has nonzero flux through the side area of a closed cylin-
drical surface Ω, while the field Bϕ (Eϕ) circulates around
the closed loop on the surface. The flux of the longitudinal
field Ez (Bz) through the bases S of radius R compensates
the transverse flux. The axis of the cylinder coincides with
the beam axis.
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The aforementioned topological monopoles, as well as
the other IF singularities of electromagnetic waves, are
caused solely by the spatial configuration of the surround-
ing transverse vector fields. However, the full electromag-
netic field of vector beams remains regular as all vector
fields acquire physical values everywhere in the beams
except the zero-field singular point.
POLARIZATION TOPOLOGY VIA MOVING IF
SINGULARITIES
All considerations on instantaneous vector singularities
in the previous section refer to vector beams with a uni-
form state of polarization inhomogeneously distributed
in space. In general, both orientation of the field vectors
and ellipticity of the polarization can vary from point to
point. In three dimensions, when the state of elliptic po-
larization changes with position, points of circular polar-
ization appear along the so called C-lines, while the states
of linear polarization with undetermined handedness de-
fine L-surfaces [25, 26, 52, 56]. In the transverse cross-
section, a L-surface is represented by the line. This line
is swept out by at least one moving isolated singularity
where instantaneous electric and magnetic fields are zero,
and their directions are therefore undetermined. These
singularities were first described by J. Nye and where
originally named as “wave disclinations” [25]. Later, M.
Dennis called them “relative singularities” because their
instantaneous position is phase-dependent [56] .
The difference between the IF singularities in uni-
formly polarized beams, described above, and wave discli-
nations in beams with variant state of polarization is
their dynamics. The IF singularities may have a sta-
ble spatial position and exist even in a wave with ho-
mogeneous state of polarization, while wave disclinations
change their location in space over time sweeping out a
L-surface. Although the instantaneous value of the elec-
tric (magnetic) field is equal to zero at points of wave
disclinations, the field averaged over a period of wave os-
cillations has a nonzero value. This time-averaged field
imprints a nonzero intensity on the L-surface on which
the polarization becomes linear. As this is only a differ-
ence in the averaged picture, the wave disclinations are
a particular case of IF singularities in our terminology.
The morphology of a moving wave disclination belongs
to the group lσ = ±1 of IF singularities and may be of
source, spiral, sink, circulation or saddle morphology (see
Fig. 3). The subgroup lσ = −1 contains wave monopoles
and currents of an instantaneous electromagnetic field in
vicinity of singular points, similar as it did in the station-
ary case.
The dynamic behaviour of the IF singularities affects
the time-averaged polarization states leading to polariza-
tion singularities - places related to C-lines and L-surfaces
in beams with variation of state of polarization. Because
of their average nature, polarization singularities are not
equal to the IF singularities and may even appear in
points different from that of IF singularities. The dy-
namics of vector singularities can be simply illustrated
through superposition of scalar and vector beams shown
in previous Sections, as it leads to beams with typical
polarization singularities. More precisely, we combine m
vector modulating functions (25) and (28) with arbitral
topological charges ln and handedness σn
U =
m∑
n=1
An(eρ + iσn eϕ)fn exp(i(ln + σn)ϕ), (47)
where An is arbitrary constant. For simplicity, we ignore
initial phase in each function.
The simplest superposition of the type (47) with non-
trivial vector topology is sum of just two terms. The
first term is a non-singular modulation function with the
topological charge l1 = 0 and handedness σ1 = −1,+1.
The second term is a function with topological charge
l2=−1,+1 and handedness σ2 = −1,+1, which cor-
responds to a circularly polarised single charge vortex
beam. The superposition of functions with the same
handedness σ1 × σ2 = 1 leads to the case of homoge-
neously circularly polarized vortex beams considered in
the previous Section. The difference is only the posi-
tion of a singularity, which now is out of the optical
axis. The other pair with opposite signs of handedness
σ1 × σ2 = −1 gives us vector beams with the following
modulation functions
U11 = A1(eρ + ieϕ) exp(iϕ)f1
+A2(eρ − ieϕ)f2,
U12 = A1(eρ − ieϕ) exp(−iϕ)f1
+A2(eρ + ieϕ)f2 exp(2iϕ),
(48)
and
U21 = A1(eρ − ieϕ) exp(−iϕ)f1
+A2(eρ + ieϕ)f2,
U22 = A1(eρ + ieϕ) exp(iϕ)f1
+A2(eρ − ieϕ)f2 exp(−2iϕ).
(49)
The pairs (U11, U12) and (U21,U22) represent func-
tions with opposite chiralities and can be transformed
into each other via mirror reflection: σ → −σ; l →
−l. Hence, it is sufficiently to consider only the field
(48). Vector beams represented by this superposition are
named Poincare´ beams because their polarization states
cover entire surface of the Poincare´ sphere [71-75]. If we
choose the functions fn = R
|ln|
t , then the electric fields
of both beams are
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E1 = Re [E01(eρ + ieϕ) exp(iϕ)
+E02Rt(eρ − ieϕ)]G(ρ, z)ei(kz−ωt)
E2 = Re [E01(eρ − ieϕ) exp(−iϕ)
+E02Rt(eρ + ieϕ) exp(2iϕ)]G(ρ, z)e
i(kz−ωt),
(50)
where E0n are arbitrary amplitude constants. The
Bessel-Gauss type of Poincare´ beams can be obtained
in a similar way by taking f = J|ln|(KRt)Z(ξ).
The electric field evolution of the beams given by Eqs.
(50) is depicted in Fig. 6 (a, b). At any moment of
time, the isolated point of the IF singularity lies on a
L-line in the transverse plane of the beams. This point
rotates completing a full circle along the L-line during a
half period of field’s oscillations. At the same time the
IF singularity experiences a periodic transformation of
its structure (see the bottom panels in Fig. 6) similar to
that of stationary IF singularities in circularly polarized
vortex beams (see Fig.2).
FIG. 6. Field distribution and its dynamics in superposition
[Eq.(48)] of circularly polarized Gaussian (left graph) and vor-
tex beams (right graph) when a) l1=0; σ1=1; l2=1; σ2=-1,
and b) l1=0; σ1 =-1; l2=1; σ2 =+1. The evolution of a fixed
arbitrary point on the wave surface is shown with a green
circle. The bottom row in (a) and (b) panels depicts the
snapshots of electric component of the field taken in few time
instants, as well as the resulting polarization structure of the
beam.
In three dimensions the distribution of the instanta-
neous field of Poincare´ beams (50) with a single topolog-
ical charge contains a single line of IF singularity where
the field is discontinuous. This line sweeps out the L-
surface with the field oscillation as the IF singularity ro-
tates with double wave frequency around the beam axis
while the axis becomes a C-line with the circular state
of polarization. As topological charge of Poincare´ beams
(50) is uncompensated, these beams carry orbital angular
momentum and the whole polarization pattern rotates in
propagation.
It is worth to note that unlike L-surfaces, C-lines are
free from physical discontinuities of electromagnetic fields
and have no IF singularities. The C-lines result from dy-
namic behaviour of the IF singularities on the L-surface.
The topology of the polarization patterns in the vicin-
ity of the C-point (transverse section of the C line) is
related to average field orientations rather than to the
field discontinuous. Those patterns are typically named
as “lemon”, “star” and “monstar” [56, 77]. Classification
of C-points constitutes an extended topic discussed ex-
tensively in the literature (see for instance [49-56, 77-79]
and review [9]. As they do not possess the IF singular-
ities, which are our main interest here, we only remark
that Poincare´ beams given by Eqs.(50) and demonstrated
in Fig.6 (a), and (b), contain a “star” and a “lemon” C-
points, respectively.
In closing of this Section let us note that we have cho-
sen one of the simplest possible superposition of mod-
ulating functions (28) to clarify the instantaneous field
singularities on polarization singularities. The selected
superposition of the scalar function (corresponding to
circularly polarized Gaussian beam) and the vector func-
tion (corresponding to circularly polarized vortex beam)
is not the only one covering all states of polarization and
leading to polarization singularities. The other simplest
type of Poincare´ beams can be constructed by the follow-
ing superposition [80]
U = A1ex +A2Rtey exp(±iϕ). (51)
Each of the constituent functions is a scalar by itself as
it represents a single Cartesian component, but their su-
perposition is a fully vectorial function (see Eq.(9)).
CONCLUSIONS
We presented here systematic description of topological
singularities in both electric and magnetic field of the
electromagnetic waves, in a paraxial approximation. In
particular, we emphasized the basic physical principles
underlying the role of instantaneous singularities. It ap-
pears that singularities essentially define a spatial topol-
ogy of the surrounding wave field but not the evolution
of wave packet in space and hence these two aspects can
be analyzed separately. The envelope function generates
scalar “wave space” for the existence of phase, polariza-
tion or instantaneous vector field singularities defining
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the finite energy flux of electromagnetic field. The repre-
sentation of the singularities by a single abstract modu-
lating function greatly simplifies their formal description
and, consequently, understanding of their fundamental
nature.
The undefined direction of electromagnetic field vec-
tors at points of singularities leads to paradoxical effect –
the instantaneous spatial distributions of the transverse
field components around the singularities appear as if
they were originating from 2D “virtual” electric or mag-
netic sources. These apparent topological monopoles are
result of the particular spatial configuration of the trans-
verse components of the electromagnetic field.
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